Introduction
We will start with a review of some basic properties that is similar, at times, to the introductory section in [4] . If p is a prime number and m is a nonnegative integer, then the sum of the factors of p m is given by
Additionally, if a = 
, where I is multiplicative.
It is not difficult to show that, if a is relatively prime to σ(a), then x = a is the unique solution of I(x) = I(a). Suppose we are given a prime number p and positive integer m 0 . Since p does not divide σ(p m 0 ), the only solution of
has been studied by the current author [4] , [5] , [6] . When considering this equation, we will assume that p and q represent distinct prime numbers, m 0 and n 0 represent positive integers, and the values of p, q, and m 0 are given. We will assume that the value of n 0 is given too, except in the last paragraph of this article. Also, Z + will denote the set of positive integers. Obviously, if σ(p m 0 q n 0 ) is relatively prime to pq, then x = p m 0 q n 0 is the unique solution of (1). If gcd(σ(p m 0 q n 0 ), pq) > 1, other solutions exist in some instances. When they exist, each additional solution of (1) can be written in the form
If a solution of (1) is written in the form of (2), then m = m 0 ; likewise n = n 0 . In (2), m and n represent non-negative integers. There is some interest in solutions of (1) that can be expressed in the form
Since we are assuming that m 0 , n 0 ∈ Z + , it follows that the (integer) values of m and n are positive. (For if (3) is a solution of (1) such that m = 0, then
, which implies that m 0 = 0, contradicting the assumption that m 0 is positive. Similarly, n = 0.) The investigation concerning solutions in the form of (3) is related to the study of another well-known equation. An equation of Goormaghtigh is given by
R. Ratat [3] and R. Goormaghtigh [1] noted that solutions to (4) are given by (y, z, u, w) = (2, 5, 5, 3) or (2, 90, 13, 3); it has been conjectured that these are the only solutions. B. He and A. Togbé [2] considered the equation
and established the following result.
Theorem 1.1. (He and Togbé) Let z > y > 1 be given integers. Then equation (5) has at most one solution (u, w).
Let us recall another bit of common notation. If c is a nonzero integer, then ν 2 (c) is the nonnegative integer with the property that 2 ν 2 (c) divides c but 2 ν 2 (c)+1 does not divide c. With the aid of theorem 1.1, the following theorem was proved [4] , [5] . 
Theorem 1.2. Suppose that
. Then:
(B) A solution of (4) is given by
(C) It turns out that m 1 and m 2 are relatively prime; likewise for n 1 and n 2 ; additionally, ν 2 (m 1 + 1) = ν 2 (m 2 + 1) and ν 2 (n 1 + 1) = ν 2 (n 2 + 1).
The only known solution of (6) is {p
. Theorem 1.2 will be useful in the ensuing section.
Main Results
Even though the following theorem is not a major breakthrough in the study of equation (5), parts A and B are useful when establishing the primary result in this article. 
is a solution of (5).
(B) Let j 3 and k 3 represent positive integers such that
(C) Let k 4 and w 4 represent any two positive integers such that w
(D) Let j 4 and u 4 represent any two positive integers such that u 4 
, are solutions of (5). Then
and
Subtracting 1 from both sides of the equations in (8) and (9), we observe that
Due to equations (8) and (11), b k 2 divides a j 1 − 1, and thus b k 2 < a j 1 . However, from equations (9) and (10), we see that a
, and we have a contradiction.
(B) The proof of part B is similar to the proof of part A of this theorem.
(C) Let us suppose that (a
, and either (a
, are solutions of (5). Obviously, u 1 > 2 in this case and equation (10) continues to be true. Moreover,
In equation (10),
. But, in equation (12) 
Thus b k 4 is relatively prime to
and a factor of the same fraction, which is an obvious contradiction.
(D) The proof of this result is similar to the proof of part C. 2
In this paragraph, we are assuming that the values of p, q, and m 0 are given. It has been demonstrated [4] that equation (1) has (at most) finitely many solutions (x, n 0 ) such that x is of the form specified in (3). It was also verified [4] that, if m 0 + 1 is an odd prime, then there are at most two values of n 0 that will yield a solution of (1) such that x is of the form given by (3) . Presently, we can improve on this statement. Due to parts C and D of theorem 2.1, if m 0 + 1 is an odd prime, then there is at most one solution (x, n 0 ) of (1) such that x is of the form given in (3). The proof of this result may be obtained from the author. Lastly, if we apply theorem 2.1, parts C and D, in a similar fashion to example 3.3 from the article cited in this paragraph, we observe that, when m 0 = 11, there are at most four solutions (x, n 0 ) of (1) such that x is of the form indicated in (3).
